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Abstract. An identity involving basic Bessel functions and Al-Salam–Chihara polynomials
is proved for which we recover Graf’s addition formula for the Bessel function as the base q
tends to 1. The corresponding product formula is derived. Some known identities for Jackson’s
q-Bessel functions are obtained as limiting cases. As special cases we prove identities for q-
Charlier polynomials.
1. Introduction and formulation of results. A classical result for the Bessel function
Jν(z) of order ν and argument z defined by the absolutely convergent series
Jν(z) =
∞∑
k=0
(−1)k(z/2)ν+2k
k! Γ(ν + k + 1)
is the addition formula
(1.1) Jν
(√
x2 + y2 − 2xy cosψ
)(x− ye−iψ
x− yeiψ
)ν/2
=
∞∑
m=−∞
Jν+m(x)Jm(y)e
imψ,
|ye±iψ| < |x|, due to Graf (1893), cf. [25, §11.3(1)], for general ν, and due to Neumann
(1867) for ν = 0, cf. [25, §11.2(1)]. In case ν ∈ Z the conditions on x, y in (1.1) can be
removed. The corresponding product formula for the Bessel function is
(1.2) Jν+m(x)Jm(y) =
1
2π
∫ 2pi
0
Jν
(√
x2 + y2 − 2xy cosψ
)(x− ye−iψ
x− yeiψ
)ν/2
e−imψ dψ.
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2 H.T. KOELINK
There are many q-analogues of the Bessel function and for several of these q-analogues
of the Bessel function there exist identities which have the Graf addition formula (1.1)
as the limit for q ↑ 1. The structure of these identities may be very different from the
structure of (1.1). These q-analogues of the Graf addition formula often follow from a
certain interpretation of a q-Bessel function on quantum groups [14], [15], [22], or on
quantum algebras [4], [9], [11], or from a certain generating function for a q-Bessel function
[18], [13], a method closely related to the quantum algebra approach. The first two methods
are motivated by the group theoretic proof of the Graf addition formula as given by Vilenkin
and Klimyk [24, §4.1.4(2)].
It is the purpose of this note to give analytic proofs of a q-analogue of Graf’s addition
formula, which was first obtained by a formal calculation using the quantum group of
plane motions, and of the corresponding product formula. In the rest of this introduction
we formulate the addition and product formula. In the next section we prove the product
formula using a connection coefficient formula for the Al-Salam–Chihara polynomials. In
§3 we derive the addition formula. In §4 we consider some special and limiting cases, and
in particular the limit case q ↑ 1, and we present some links with known results in this
direction. In this section we also derive identities for q-Charlier polynomials as special
cases. Finally, in §5 we remark very shortly on the link with the quantum group of plane
motions.
In order to formulate the results we recall the notation for the q-shifted factorial;
(a; q)k =
k−1∏
i=0
(1− aqk), (a1, . . . , ar; q)k = (a1; q)k . . . (ar; q)k, k ∈ Z+ ∪ {∞}
and for the q-hypergeometric series
rϕs
(
a1, . . . , ar
b1, . . . , bs
; q, z
)
= rϕs(a1, . . . , ar; b1, . . . , bs; q, z)
=
∞∑
k=0
(a1, . . . , ar; q)k
(q, b1, . . . , bs; q)k
(
(−1)kq
1
2
k(k−1)
)1−r+s
zk.
We always assume 0 < q < 1. These notations follow the book [6] by Gasper and Rahman,
which should be consulted for more information on this subject. For generic values of the
parameters the region of convergence of this series is ∞, 1, or 0, according to r < s + 1,
r = s+ 1, or r > s+ 1.
Note that a q-hypergeometric series with q−n, n ∈ Z+, as one of the upper parameters
terminates, since (q−n; q)k = 0 for k > n. If q
−n occurs as a lower parameter, then the
q-hypergeometric series is in general not well-defined. But for n ∈ Z+ we use the following
convention
(1.3) (q1−n; q)∞
∞∑
k=0
ck
(q1−n, q; q)k
=
∞∑
k=n
ck
(q1−n+k; q)∞
(q; q)k
= (qn+1; q)∞
∞∑
k=0
ck+n
(q1+n, q; q)k
.
(This corrects the first identity of the remark following proposition 4.1 in [15].)
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In order to formulate the main result of this paper we introduce the Al-Salam–Chihara
polynomials;
(1.4) Sn(cos θ; a, b | q) = a
−n(ab; q)n 3ϕ2
(
q−n, aeiθ, ae−iθ
ab, 0
; q, q
)
.
These polynomials were originally introduced by Al-Salam and Chihara [1] as the most
general set of orthogonal polynomials satisfying a certain ‘convolution property’. The
orthogonality measure for these polynomials has been obtained by Askey and Ismail [2,
§3], which is a special case of the more general four-parameter class of Askey-Wilson
polynomials, cf. [3]. The definition (1.4) used here gives the Al-Salam–Chihara polynomials
as Askey-Wilson polynomials with two parameters set to zero. The orthogonality relations
for the Al-Salam–Chihara polynomials are given by, cf. Askey and Ismail [2, §3.8], Askey
and Wilson [3, thm. 2.2],
(1.5)
1
2π
∫ pi
0
(
SkSl
)
(cos θ; a, b | q)
(e2iθ, e−2iθ; q)∞
(aeiθ, ae−iθ, beiθ, be−iθ; q)∞
dθ =
δk,l
(qk+1, abqk; q)∞
,
assuming that |a| < 1, |b| < 1. The Al-Salam–Chihara polynomials are symmetric in the
parameters a and b, cf. [3, p. 6].
The main result of this paper is the following addition formula, valid for |z| < 1, |a| < 1,
|b| < 1;
(1.6)
(qν+1; q)∞
(q; q)∞
2ϕ1
(
aeiθ, ae−iθ
qν+1
; q, z
)
Sm(cos θ; aq
−ν , b | q) =
∞∑
n=−m
(−1)nanznq
1
2
n(n−1) (q
1+n; q)∞
(q; q)∞
1ϕ1
(
q−m
q1+n
; q, a2qm+n−νz
)
×
(qν+n+1; q)∞
(q; q)∞
2ϕ1
(
abqn+m, 0
qν+n+1
; q, z
)
Sn+m(cos θ; a, b | q).
Of course, this formula can also be considered as a linearisation formula for the product
of a 2ϕ1-series and an Al-Salam–Chihara polynomial in terms of another set of Al-Salam–
Chihara polynomials.
The corresponding product formula is
(1.7)
(qν+1; q)∞
2π(q; q)∞
∫ pi
0
2ϕ1
(
aeiθ, ae−iθ
qν+1
; q, z
)
Sm(cos θ; aq
−ν , b | q)
× Sn+m(cos θ; a, b | q)
(e2iθ, e−2iθ; q)∞
(aeiθ, ae−iθ, beiθ, be−iθ; q)∞
dθ
=
(−1)nanznq
1
2
n(n−1)
(qn+m+1, abqn+m; q)∞
(q1+n; q)∞
(q; q)∞
1ϕ1
(
q−m
q1+n
; q, a2qm+n−νz
)
×
(qν+n+1; q)∞
(q; q)∞
2ϕ1
(
abqn+m, 0
qν+n+1
; q, z
)
for |z| < 1, |a| < 1, and |b| < 1. In this product formula we assume |a| < 1, |b| < 1, but
a similar product formula remains true for any choice of a and b for which the Al-Salam–
Chihara polynomials are orthogonal polynomials. In the general case only a finite number
of discrete mass points have to be added, cf. Askey and Wilson [3, §2].
4 H.T. KOELINK
2. Proof of the product formula. In order to prove the product formula (1.7) we first
prove two lemmas.
Lemma 2.1. For the Al-Salam–Chihara polynomials Sn(·; a, b | q) with |a| < 1, |b| < 1
defined by (1.4), m, r ∈ Z+, n ∈ Z with n ≥ −m, we have
1
2π
∫ pi
0
Sm(cos θ; aq
−ν, b | q)Sn+m(cos θ; a, b | q)
(aeiθ, ae−iθ; q)r(e
2iθ, e−2iθ; q)∞
(aeiθ, ae−iθ, beiθ, be−iθ; q)∞
dθ
= (−a)−nqn(ν+1)q
1
2
n(n−1) (q
ν+n+r+1; q)∞
(qm+1, qν+r+1, abqn+m+r; q)∞
×
(q1−n; q)∞
(q; q)∞
3ϕ2
(
q−r, q−m−n, q−ν−n−r
q1−n, q1−m−n−r/(ab)
; q, qr+1
a
b
)
.
Proof. We need the connection coefficients for two sets of Al-Salam–Chihara polynomials
with one different parameter;
(2.1) Sn(x;α, b | q) =
n∑
k=0
ck,n(α; a)Sk(x; a, b | q)
with
ck,n(α; a) =
(q−n; q)k
(q; q)k
an−k(−1)kqnk−
1
2
k(k−1)(α/a; q)n−k,
given by Askey and Wilson [3, (6.4), (6.5) with c = d = 0].
Now we start with the left hand side of the statement in the lemma. The term
(aeiθ, ae−iθ; q)r cancels part of the denominator of the weight function. Next use (2.1)
to write both Al-Salam–Chihara polynomials in terms of Al-Salam–Chihara polynomials
with parameters aqr and b. Then we can use (1.5) to see that the left hand side of the
statement in the lemma equals
m∑
k=0
n+m∑
l=0
δk,l
ck,m(aq
−ν ; aqr)cl,n+m(a; aq
r)
(qk+1, abqk+r; q)∞
.
If we use k as the summation parameter, we can rewrite this as
(q−ν−r; q)m(q
−r; q)n+m
(q, abqr; q)∞
(aqr)n+2m 3ϕ2
(
q−m, q−n−m, abqr
qν+r+1−m, q1+r−n−m
; q, qν+2a−2
)
.
View this as a terminating 3ϕ2-series of degree n+m to which we apply the series inversion,
cf. [6, ex. 1.4(ii)],
3ϕ2
(
q−p, a, b
c, d
; q, z
)
=
(a, b; q)p
(b, c; q)p
(−z)pq−
1
2
p(p+1)
3ϕ2
(
q−p, q1−p/c, q1−p/d
q1−p/a, q1−p/b
; q,
cdqp+1
abz
)
,
p ∈ Z+, to obtain a 3ϕ2-series as in the lemma. Some manipulations with q-shifted
factorials finish the proof of the lemma. 
The orthogonality relations (1.5) for the Al-Salam–Chihara polynomials show that the
integral in lemma 2.1 is zero for n > r. Observe that the right hand side of lemma 2.1 also
equals zero for n > r as follows from (1.3) with ck = 0 for k > n in this case.
The following lemma is straightforward and its proof is left to the reader.
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Lemma 2.2. For |dz| < 1 we have
(qµ+1; q)∞
(q; q)∞
1ϕ1
(
a
qµ+1
; q, bz
)
(qν+1; q)∞
(q; q)∞
2ϕ1
(
c, 0
qν+1
; q, dz
)
=
(qν+1; q)∞
(q; q)∞
∞∑
p=0
(dz)p(c; q)p
(q, qν+1; q)p
(qµ+1; q)∞
(q; q)∞
3ϕ2
(
q−p, q−p−ν , a
qµ+1, q1−p/c
; q,
bqν+p+1
dc
)
the last series being absolutely convergent.
If we take a = 0 in lemma 2.2 and we replace d by d/c and we let c → ∞, then we
essentially obtain the product formula for the Hahn-Exton q-Bessel function, cf. Swarttouw
[21, (3.1)]. If we take c = 0 in lemma 2.2 and we replace b by b/a before taking a → ∞,
then we obtain the product formula for Jackson’s q-Bessel functions, cf. Rahman [20,
(2.1)].
The proof of the product formula (1.7) can now be given. Use the series representation
for the 2ϕ1-series to see that for |z| < 1
(qν+1; q)∞
2π(q; q)∞
∫ pi
0
2ϕ1
(
aeiθ, ae−iθ
qν+1
; q, z
)
Sm(cos θ; aq
−ν , b | q)
× Sn+m(cos θ; a, b | q)
(e2iθ, e−2iθ; q)∞
(aeiθ, ae−iθ, beiθ, be−iθ; q)∞
dθ
=
(−a)−nqn(ν+1)q
1
2
n(n−1)
(qm+1, abqn+m; q)∞
(qν+n+1; q)∞
(q; q)∞
∞∑
r=0
zr(abqn+m; q)r
(q, qν+n+1; q)r
×
(q1−n; q)∞
(q; q)∞
3ϕ2
(
q−r, q−m−n, q−ν−n−r
q1−n, q1−m−n−r/(ab)
; q, qr+1
a
b
)
by lemma 2.1 and some straightforward simplifications. Interchanging summation and
integration is allowed for |z| < 1 by use of the estimate |(aeiθ, ae−iθ; q)r| ≤ (−|a|; q)
2
∞. By
lemma 2.2 this expression is equal to
(−a)−nqn(ν+1)q
1
2
n(n−1)
(qm+1, abqn+m; q)∞
(q1−n; q)∞
(q; q)∞
1ϕ1
(
q−n−m
q1−n
; q, a2qm−νz
)
×
(qν+n+1; q)∞
(q; q)∞
2ϕ1
(
abqn+m, 0
qν+n+1
; q, z
)
Now use that (1.3) implies that
(q1−n; q)∞
(q; q)∞
1ϕ1
(
a
q1−n
; q, z
)
= zn(−1)nq
1
2
n(n−1) (a, q
1+n; q)∞
(aqn, q; q)∞
1ϕ1
(
aqn
q1+n
; q, zqn
)
,
which holds for n ∈ Z. This finishes the proof of the product formula (1.7).
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3. Proof of the addition formula. The hard work for the proof of the addition formula
(1.6) has been done in the previous section. Let L2
(
(−1, 1), w(x)dx
)
denote the space of
quadratically integrable functions on (−1, 1) with respect to the weight function w(x)
defined by
w(cos θ) =
1
2π sin θ
(e2iθ, e−2iθ; q)∞
(aeiθ, ae−iθ, beiθ, be−iθ; q)∞
.
The Al-Salam–Chihara polynomials Sn(x; a, b | q) form a basis for this L
2-space.
From the estimate |(aeiθ, ae−iθ; q)r| ≤ (−|a|; q)
2
∞ we obtain that the left hand side of
(1.6) as a function of x = cos θ is an element of this L2-space. Consequently, we may
develop it in the basis of Al-Salam–Chihara polynomials
(qν+1; q)∞
(q; q)∞
2ϕ1
(
aeiθ, ae−iθ
qν+1
; q, z
)
Sm(cos θ; aq
−ν , b | q) =
∞∑
n=−m
AnSn+m(cos θ; a, b | q)
with
An
∫ 1
−1
(
Sn+m(x; a, b | q)
)2
w(x) dx =
(qν+1; q)∞
2π(q; q)∞
∫ pi
0
2ϕ1
(
aeiθ, ae−iθ
qν+1
; q, z
)
× Sm(cos θ; aq
−ν , b | q)Sn+m(cos θ; a, b | q)
(e2iθ, e−2iθ; q)∞
(aeiθ, ae−iθ, beiθ, be−iθ; q)∞
dθ.
Now use the orthogonality relations for the Al-Salam–Chihara polynomials (1.5) and the
product formula (1.7) to find the correct value for An as in the addition formula (1.6).
This proves the addition formula (1.6) as an identity in L2
(
(−1, 1), w(x)dx
)
.
The left hand side of (1.6) is a continuous function of cos θ, so it suffices to show that
the right hand side is continuous as well. For this we have to show that the convergence
of the right hand side is uniform with respect to cos θ. This follows from the estimates
∣∣∣ (q1+n; q)∞
(q; q)∞
1ϕ1
(
q−m
q1+n
; q, a2qm+n−νz
)∣∣∣ ≤ (−|a2z|qn−ν ; q)∞
∣∣∣ (qν+n+1; q)∞
(q; q)∞
2ϕ1
(
abqn+m, 0
qν+n+1
; q, z
)∣∣∣ ≤ (−qℜν+1,−|ab|; q)∞
(q, |z|; q)∞
and the asymptotic behaviour of the Al-Salam–Chihara polynomials given by
(3.1) Sn(
1
2
(ξ + ξ−1); a, b | q) = ξ−nA(ξ) +O(ξ−n), n→∞, |ξ| < 1,
with A(ξ) = (aξ, bξ; q)∞/(ξ
2; q)∞ off the spectrum and by
Sn(cos θ; a, b | q) = 2|A(e
iθ)| cos(nθ − φ) +O(qn/2), n→∞, 0 < θ < π, φ = argA(eiθ),
Sn(±1; a, b | q) = (±1)
nn
(±a,±b; q)∞
(q; q)∞
+O(1), n→∞
on the spectrum, cf. Askey and Ismail [2, §3.1], Ismail and Wilson [7, (1.11), (1.13), §3].
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4. Special and limiting cases. The first special case of interest of the addition and
product formula is the casem = 0, which gives the decomposition of the 2ϕ1-series involved
in terms of Al-Salam–Chihara polynomials. Some other special and limiting cases are
described in the rest of this section.
The Koornwinder-Swarttouw addition formula as a limit case. Formally we can obtain
the q-analogue of Graf’s addition formula for the Jackson q-Bessel function derived by
Koornwinder and Swarttouw [18, (4.10)] as a special case of the addition formula (1.6) by
use of the asymptotic behaviour of the Al-Salam–Chihara polynomials off the spectrum,
cf. (3.1), as follows. Let m→∞ in (1.6) and use that formally
lim
m→∞
Sn+m(
1
2 (ξ + ξ
−1); a, b | q)
Sm(
1
2(ξ + ξ
−1); aq−ν , b | q)
= ξ−n
(aξ; q)∞
(aq−νξ; q)∞
, |ξ| < 1,
by (3.1). Replace in the resulting formula z, a, and ξ by −y2, qν/2x/y, and qν/2/s to
obtain formally
(4.1) yν
(xy−1s−1, qν+1; q)∞
(qνxy−1s−1, q; q)∞
2ϕ1
(
qνxy−1s−1, xy−1s
qν+1
; q,−y2
)
=
∞∑
n=−∞
snyν+n
×
(qν+n+1; q)∞
(q; q)∞
2ϕ1
(
0, 0
qν+n+1
; q,−y2
)
xnq
1
2
n(n−1) (q
n+1; q)∞
(q; q)∞
0ϕ1
(
−
qn+1
; q,−x2qn
)
,
which has been proved rigorously by Koornwinder and Swarttouw [18, (4.10)] using gen-
erating function techniques for ν ∈ Z.
The limit q ↑ 1. In (4.1) we replace x and y by (1 − q)x and (1 − q)y before we take
the limit q ↑ 1. If we use the q-gamma function Γq(x) = (q; q)∞(q
x; q)−1∞ (1− q)
1−x, cf. [6,
§1.10], and the limit relation Γq(x)→ Γ(x) as q ↑ 1, we see that (4.1) goes over into Graf’s
addition formula (1.1). Since (4.1) is a limiting case of (1.6), we have shown that (1.6) is
a q-analogue of Graf’s addition formula (1.1).
It is also possible to use the techniques of Van Assche and Koornwinder [23, thm. 1] to
treat the limit case q ↑ 1 of the addition formula (1.6) to Graf’s addition formula (1.1).
To this end observe that from (2.1) we have
Sn+m(x; a, b | q)
Sm(x; aq−ν , b | q)
=
n+m∑
k=0
(qν ; q)k
(q; q)k
(aq−ν)k(qm+n−k+1; q)k
Sn+m−k(x; aq
−ν , b | q)
Sm(x; aq−ν, b | q)
.
In the right hand side we replace q = c1/m, c ∈ (0, 1), and let m→∞. Then [23, thm. 1]
can be used to evaluate this limit and the rest of the limit transition is a straightforward
exercise using the binomial formula. See also [17, §4] for the details of a similar limit
transition.
The limit transition of the product formula (1.7) to the product formula (1.2) for the
Bessel function as q ↑ 1 is treated by use of theorem 2 of Van Assche en Koornwinder [23].
This time we have to use the connection coefficient formula (2.1) in the form
Sm(x; aq
−ν , b | q) =
m∑
k=0
(q−ν ; q)k
(q; q)k
ak(qm−k+1; q)kSm−k(x; a, b | q)
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before replacing q = c1/m, c ∈ (0, 1), and letting m → ∞. Invoking [23, thm. 2] and the
binomial theorem shows that (1.7) tends (1.2). See also [17, §5] for the details of a similar
limit transition.
Orthogonality relations for q-Charlier polynomials. The addition formula (1.6) is a q-
analogue of Graf’s addition formula for the Bessel function from which the Hansen-Lommel
orthogonality relations for the Bessel functions,
∑∞
k=−∞ Jn(z)Jn+p(z) = δ0,p, p ∈ Z, z ∈ C,
can be derived, cf. Watson [25, §§2.4, 2.5, 11.2, 11.3]. Here we can also specialise the
parameters to obtain orthogonality relations from the addition formula. Take a = b =
eiθ = q
1
2 , ν = p ∈ Z and observe that
(qp+1; q)∞
(q; q)∞
2ϕ1
(
1, q
qp+1
; q, z
)
=
{
0, p < 0,
(q; q)−1p , p ≥ 0,
Sm(
1
2
(q
1
2 + q−
1
2 ); q
1
2
−p, q
1
2 | q) = q−
1
2
m(q1−p; q)m =


(q; q)mq
−
1
2
m, p = 0,
0, 0 < p ≤ m,
(q1−p; q)mq
−
1
2
m, p > m,
Sn+m(
1
2
(q
1
2 + q−
1
2 ); q
1
2 , q
1
2 | q) = q−
1
2
(n+m)(q; q)n+m
to find for p ≤ m the orthogonality relations
(4.2) δ0,p(q; q)m =
∞∑
n=−m
(−z)nq
1
2
n(n−1)(q; q)n+m
(qn+1; q)∞
(q; q)∞
1ϕ1
(
q−m
qn+1
; q, q1+m+n−pz
)
×
(qn+p+1; q)∞
(q; q)∞
2ϕ1
(
qn+m+1, 0
qn+p+1
; q, z
)
.
Repace z by −z2qp/4 and let m → ∞ in (4.2) to find Hansen-Lommel orthogonality
relations for the Jackson q-Bessel function, cf. [12, thm. 3.1], which can also be obtained
from the Koornwinder-Swarttouw q-analogue of Graf’s addition formula (4.1), cf. [12,
rem. 1, p. 432].
In the orthogonality relations (4.2) we use the limiting case b → 0 of Heine’s transfor-
mation formula [6, (1.4.6)], cf.
(4.3) 2ϕ1
(
a, 0
c
; q, z
)
=
1
(z; q)∞
1ϕ1
(
c/a
c
; q, az
)
.
Next we replace n, p and z by h−m, m− r, −aq−r to see that (4.2) is equivalent to the
orthogonality relations for the q-Charlier polynomials, cf. [6, ex. 7.13, with the squared
norm replaced by its reciprocal],
(4.4)
∞∑
h=0
ahq
1
2
h(h−1)
(q; q)h
(
cmcr
)
(q−h; a; q) = δm,rq
−m(−a−1q, q; q)m(−a; q)∞,
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where the q-Charlier polynomials are defined by
cm(x; a; q) = 2ϕ1
(
q−m, x
0
; q,−
qm+1
a
)
= (−a)−mqm
2
xm(x−1q1−m; q)m 1ϕ1
(
q−m
x−1q1−m
; q,−
aq1−m
x
)
.
The last equality follows by series inversion. So the q-Charlier polynomials are related to
Moak’s q-Laguerre polynomials [19] by
(4.5)
cm(q
−α−m; a; q) = (−aqα)−m(q; q)mL
(α)
m (aq
m; q),
L(α)n (x; q) =
(qα+1; q)n
(q; q)n
1ϕ1
(
q−n
qα+1
; q,−xqα+n+1
)
.
The orthogonality relations (4.4) for the q-Charlier polynomials have been obtained from
the quantum algebra approach by Kalnins, Miller and Mukherjee [10, (3.2)] and Floreanini
and Vinet [5, (59)] using representations of the q-oscillator algebra. The orthogonality re-
lations are also a byproduct of the quantum group theoretic proof of an addition formula
for the big q-Legendre polynomial, cf. [16, cor. 4.2]. In the limit case m→∞ of (4.2) we
know that the dual orthogonality relations also hold, cf. [12, thm. 3.3], but the orthogo-
nality relations dual to the orthogonality relations (4.4) for the q-Charlier polynomials do
not hold, cf. [16, prop. 4.1, cor. 4.2]. This is not correct in [5, (60)].
More identities for q-Charlier polynomials. The transformation formula (4.3) can also
be applied in the general addition formula (1.6). If we next replace a, b, z, n, and ν by
q
1
2
(µ+1)
√
α/β, q
1
2
(µ+1)
√
β/α, −βq−r, h−m, and m−r+µ, we get the following extension
of the orthogonality relations for the q-Charlier polynomials;
∞∑
h=0
(αβ)
1
2
hq
1
2
h(µ+1)q
1
2
h(h−1)
(q; q)h
(q1+h+µ; q)∞
(q; q)∞
cm(q
−h;α; q)cr(q
−h−µ; β; q)
× Sh(cos θ; q
1
2
(µ+1)
√
α/β; q
1
2
(µ+1)
√
β/α | q) = (−1)m+rq
1
2
m(m+µ)qr(r−m−µ)α−
1
2
mβ
1
2
m−r
× (−βq−r; q)∞
(q1+m−r+µ; q)∞
(q; q)∞
2ϕ1
(
q
1
2
(µ+1)
√
α/βeiθ, q
1
2
(µ+1)
√
α/βe−iθ
q1+m−r+µ
; q,−βq−r
)
× Sm(cos θ; q
r−m+ 1
2
(1−µ)
√
α/β; q
1
2
(µ+1)
√
β/α | q).
Using (4.5) we can also rewrite this as an identity for q-Laguerre polynomials, which
then gives an alternative for the addition formulas for q-Laguerre polynomials derived by
Kalnins, Manocha and Miller [8, (7.14)] and Kalnins and Miller [9, (4.13)] using represen-
tations of the q-oscillator algebra.
For particular choices of cos θ it is possible to evaluate the Al-Salam–Chihara polyno-
mials, which then simplifies the formula for the q-Charlier polynomials. In particular, for
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eiθ = q
1
2
(µ+1)
√
β/α the Al-Salam–Chihara polynomials reduce to q-shifted factorials as in
the proof of (4.2) and we obtain
∞∑
h=0
αhq
1
2
h(h−1)
(q; q)h
cm(q
−h;α; q)cr(q
−h−µ; β; q) = (−1)m+rq
1
2
m(m−1)qr(r−m−µ)β−r
× (q1+r−m; q)m(−βq
−r; q)∞
(q1+m−r+µ; q)∞
(q1+µ; q)∞
2ϕ1
(
qµ+1, α/β
q1+m−r+µ
; q,−βq−r
)
as a nice extension of the orthogonality relations of the q-Charlier polynomials.
5. Concluding remark. As already said in the introduction, the addition formula (1.6)
is originally derived from the interpretation of certain q-Bessel functions on the quantum
group of plane motions. Actually, the addition formula follows from the identity [15,
(4.6) with r = ∞], which reflects the homomorphism property of a representation of a
group which classically gives addition formulas if the matrix elements are known in terms
of special functions. As indicated in remark 4.3 of [15] the elements in this identity are
explicitly (but only on a formal level) known in terms of a certain non-commutative algebra
Aq. Then we apply the infinite dimensional τ ⊗ τ as defined in [14, §5] to [15, (4.6) with
r =∞] to obtain an operator identity in ℓ2(Z)⊗ℓ2(Z). By letting it act on suitable vectors
in the representation space we can convert the operator identity to the addition formula
(1.6) for special values of a, b and ν.
A certain q-analogue of Graf’s addition formula for the Hahn-Exton q-Bessel function
can also be proved from a similar quantum group theoretic interpretation, cf. [14, §6]. (See
[11, §3] for a quantum algebra theoretic proof and [17] for an analytic proof as well as for
the limit case q ↑ 1.) In this case the starting point is [14, (6.1)], which can be considered
as the limit case s, t → ∞ of the starting point [15, (4.6) with r = ∞] for the addition
formula in this paper. So it is tempting to think that the q-analogue of Graf’s addition
formula for the Hahn-Exton q-Bessel functions ([14, thm. 6.3], [11, §3], [17, (1.4)]) can be
obtained as a limiting case of the addition formula (1.6). However, I have not been able
to show this.
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